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INTRODUCTION
The efficiencyof the existing steady-statemultigrid solversroutinely usedfor the flow problemsin engineeringpractice is still very poor. Thereclearly exists a pressingneedfor more efficient algorithms.
In orderto obtain a truly efficient steady-statesolver,somefundamental issues concerning different aspects of an algorithm need to be addressed. The recently proposed genuinely multidimensional approach towards the construction of the discrete schemes for the compressible flow resolves some of these issues. A discussion in this regard is the main subject of this paper.
Genuinely multidimensional schemes
The quest for a genuinely multidimensional upwind scheme began more than a decade ago. Initially it was motivated chiefly by the expectation that, once such a scheme is developed, it will imitate the physics of the fluid flow more accurately than the standard dimension-by-dimension approach.
It was, however, suggested later in [4],[5] that improving the efficiency of the the steadystate solvers may be the most important reason for developing the genuinely multidimensional approach.
One of the main difficulties in the numerical treatment of compressible flow is the possible presence of shocks in the solution.
It is well known that a scheme that is both second order accurate and avoids under-and overshoots (which may trigger a nonlinear instability) near discontinuities has to be nonlinear. Such a scheme has to incorporate the so-called high-resolution mechanism,
i.e. a smoothness monitor, that is usually implemented in the form of a ttuxlimitcr. Initially, such schemes were developed for the one-dimensional case.
Then, extending this approach to multidimensions was done on a dimension- In turn this means that it may be inherently impossible to construct a good smoother (an important ingredient of a multigrid solver) using these discrete schemes.
A genuinely multidimensional advection scheme was constructed in [4, 5] . The scheme was named "genuinely multidimensional" since it imitates well the anisotropyof the advectionphenomenain two dimensions:artificial dissipation is addedonly alongthe streamline,whilethe high-resolutionmechanismaffects significantly the cross-flowdirection only. The key feature of this schemeis the two-dimensionallimiter, i.e. the argumentof a limiter-function is the ratio of finite differencesin two different coordinate directions. The schemewas formulated in the control-volume context for Cartesian grids and relied on the compact 9-point-box stencil. The fundamental advantage of this approach is that the two-dimensional high-resolution mechanism does not damage the stability properties of the discretization. [13] . However, the nonlinear highresolution corrections in these schemes rely on one-dimensional limitcrs, which introduces some of the dimension-by-dimension flavor.
Another very interesting approach was proposed in [14] . A discrctization for the triangular unstructured grids for the Euler equations was developed. The problem was that the scheme was linear, i.e. it did not incorporate any nonlinear high-resolution mechanism.
Multigrid for advection dominated problems
One of the major reasons for the poor efficiency of the standard flow solvers (see [15] ) is the fact that for advection dominated problems the coarse grid providesonly a fraction of the neededcorrection for certain error components. It is well known that the steadyEuler equationscontain two different factors: the advcction and the Full-Potential type operators.The latter is either of elliptic or hyperbolic type dependingon the flow regime (subsonicor supersonic). The difficulty mentioned abovecan be avoided( [15] ) by constructing a solverthat distinguishesbetweendifferent factors of the systemand treats eachoneappropriately. In the subsoniccase,for instance,the advectionfactor canbe treated by marching and the elliptic factor by multigrid. The efficiency of such an algorithm will be essentiallythe same as that of the multigrid solverfor the elliptic part only. Suchalgorithms are referredto as "essentially optimal". An approachto achievea separation betweenthe co-factors the so-calledDistributive Gauss-Seidel relaxation was proposedin [15] . It was demonstratedin [16] that using this approachone canobtain the essentially optimal multigrid efficiencyfor a staggered-griddiscretization of the incom-pressibleNavier-Stokesequations.It is interesting to mention that a similar observationwas madeearlier in [17] .
A related approachwas proposedby Ta'asan [18] for the incompressibleand compressiblesubsonic Euler equations. The staggered-griddiscrctization is basedon the canonical variables formulation (see [19] ), that expresses the partitioning of the steady Euler equation into elliptic and advcction factors.
The essentially optimal multigrid efficiency was demonstrated using this approach for subsonic flow and body-fitted grids. A possible limitation of this approach may bc that it is not directly generalizable for the viscous flow.
Another way towards achieving the optimal multigrid efficiency is based on the pressure equation formulation of the Euler equations. We describe it briefly in this paper as well. This approach is based on a very old idea and is a generalization [20] . Its main virtue is simplicity. It can also bc classified as Weighted
Gauss-Scidcl relaxation [15] . An extensive set of numerical computations using this scheme together with more details regarding the implementaion is reported in [21] ). The limitation of this approach, however, is that it is not clear so far if it is generalizable to viscous compressible flow.
Following the work of Ta'asan, some researchers attempted to apply the idea of partitioning the Eulcr equations towards the construction of discrete schemes (scc [22] and [23] ). It is well-known that the two-dimensional Eulcr equations in supersonic case can be written as four locally decoupled advection equations (scc [24] ). This property was used as a basis for applying the advcction schemes to discretize the system in this case. In subsonic case, however, the distinction was made between the advection and the elliptic ("acoustic subsystem")
partitions. The treatment of transonic flow, however, was problematic since it required matching of two different discrctizations accross the sonic lines. Another drawback of these approaches was that they are cannot be generalized to three dimensions (sec [9]). To conclude, the discrctc schemes constructed in this way sufferedfrom a lack of robustnessand generality. No optimal multigrid efficiencywasdemonstratedeither. Finally, someof the researcherswho previouslyfollowedthis direction adopted the genuinely-multidimensionalapproach proposedin [1 a] (see [9] ).
What this paper is about
In this paper wc first present a brief review of the construction of genuinely multidimensional schemes for the scalar advcetion and the compressible Euler equations.
We summarize the basic properties of the discrctizations, emphasizing those that are unique to this approach and are of fundamental importanec for practical purposes. 
where
Residual of the equation (2) on the triangle T contributes to the construction of the discrete equations to be solved at each of the three nodes of the triangle according to the following residual distribution formulae
It easy to see that this construction results in a positive scheme since for any real number z we have the following inequality +z(1 + sign(z)) > 0. The accuracy of such a scheme, though, is only first order. A linearity preserving scheme is second order accurate.
Define the following quantities r _" = r _ + rUqY(q); r u* = rU + rX_(q)/q
where q = -r_/r _. In this paper we assume that ko is the minmod limitcr. Substituting r _', r y_ instead of r x, r y into (6) wc obtain a high-resolution scheme. Using the following limiter identity
it is easy to vcrify that the constructed nonlinear scheme is indeed both positive and linearity preserving.
2.2
Extension to the Euler system Consider a hyperbolic system of partial differential equations
The discrete equation approximating (9) at node i can bc written as follows =o, j¢i
Property of positivity can be formally extended to the system case. Assume that the hyperbolic system of equations (9) is written in the nonorthogonal coordinate frame aligned with the two of the faces of triangle T (Fig.l) . Residuals of the system on triangle T can be represented as a sum of two portions 
Assuming that matrix M has a complete set of real eigenvalues (definition of the hypcrbolicity of a system) it is easy to see that matrix
is non-negative definite. This means that the scheme defined by (13) is of the positive type by construction (as an upwind scheme is expected to be).
In order to obtain a positive high-resolution genuinely multidimensional scheme for a hyperbolic system we may have first to rewrite system (9) (as it was done 
where u = Tv
As before, we can compute residual r of system (14) on triangle T and represent it as a sum of two portions:
where (17) Consideringthe following residual distribution formula 
we arrive at a positive first order accurate scheme that is identical to (13) .
Introduce the following quantities
with qi = -r_/r_, and i = 1,...,N Denote by r x" and r v" vectors whose Lu=O, 
The determinant has two distinct co-factors: one of advcction and another of the Full-Potential type.
In thc rest of this paper wc shall consider the subsonic rcgimc only. The Full-Potential factor in this case is of the elliptic type.
It was suggested in [15] using this approach is presented in [21] .
Compressible case
Similarly to the incompressible casc, residuals of the cquations can bc evaluated on each triangular element: 
The principal part of last equation is the discrete Prandtl-Glauert (or Full Potential) operator acting on the pressurc. This operator is of the elliptic type in the subsonic regime.
The solution process of the resulting discrete equations is very similar to that for thc incompressible case. Some numerical tests illustrating the efficiency of thc multigrid solver based on this diserctization arc prcscntcd in thc §6.2.
UPWINDING AND CO-FACTORS SEPARATION
Now we return to the genuinely multidimensional upwind approach. We would like to construct a linear first order upwind "positive" scheme such that it is factorizable and is also upgradable to second order using the genuinely twodimcnsional high-rcsolution mechanism.
First, wc shall take a closer look at the one-dimensional case.
One-dimensional case
Consider a first ordcr upwind scheme for the one-dimensional Eulcr cquations. where h is a meshsize, 0_h is a central approximation of the second derivative, c_2h is a central approximation of the first derivative and Q2h = uO2h is the advcction operator.
Without loss of generality we consider the primitivc variable formulation

Factorization
The determinant of Lh:
The first factor is the upwind scheme approximating an advection operator corresponding to the entropy equations. The Full-Potential factor is approximated by a "short" central difference.
The issue of factorization appears to bc trivial in this case, since the momentum and the pressure equations correspond solely to the elliptic factor. 
Distributive Gauss-Seidel relaxation
we obtain We can conclude that there arc some links between the characteristic variables formulation (approximate Riemann solver) and the design of the DGS.
5.2
Two-dimensional case
We shall look now for a factorizable upwind scheme in two dimensions.
Dimension-by-dimension approach
Considering here the iscntropic case (no loss of generality for the purpose of the discussion presented hcrc), we can write such a scheme in the following symbolic form It is easy to sec that the matrix (51) cannot be factorized.
Genuinely multidimensional approach
The approach towards the construction of discrete schemes for the Eulcr equa- Fig.3(a) . Fig.3(b) presents the numerical solution obtained using the same algorithm but performing 3 more cycles (total 5) on the finest level.
2O Fig. 4 . Transonicflow overa wall with a circularbump:freestreamMach=.9,grid 200x 200pts.
Transonic flow over a circular bump
The tcstcasc considered here is concerned with a transonic flow over a fiat walt with a bump. The surface of the bump is again a circular arch of 7r/3 and radius 1 and its location is between 3.5 _< x _< 4.5. Again, in order to keep thc experiments simple at this stage of work, the bump is treated the same way as in the previous experiments.
The frec strcam Mach=.9 in this case. The shock of the "fish-tail" shapc is generated in this case (Fig.4) . presented in [21] indicates that this behavior is essentially grid-independent. 
CONCLUSIONS
An approach towards constructing a genuinely multidimensional upwind scheme was intoduccd in [1 3]. The fundamental advantage of this approach for practical purposes is that the multidimensional high-resolution mechanism (unlike the standard one) does not damage the stability properties of the scheme. The conclusion made in this paper is that the genuinely multidimensional approach leads to a scheme that is also factorizable. 
